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Foreword 
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Laboratory,  Air  Force  System  Command,  Wright-Patterson  Air  Force  Base,  Ohio 
45433,  under  contract  F33615-77-C-5039  with  Dyna  East  Corporation.  The  Air 
Force  Project  monitor  is  Dr.  Stephen  W.  Tsai  (FY  1457).  Dr.  Pei  Chi  Chou 
is  the  principal  investigator.  He  is  assisted  by  Mr.  Robert  Croman  in  the 
theoretical  analysis.  The  experimental  phase  of  the  research  is  carried  out 
by  Dr.  A.S.D.  Wang,  with  the  assistance  of  Mr.  James  Alper. 

The  project  is  for  a duration  of  30  months.  This  report  covers  work 
performed  during  the  period  April  1,  1977  to  March  31,  1978. 
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SUMMARY 


The  objectives  of  the  program  are  to  study  three  basic  hypotheses  in 
fatigue  of  composite  materials.  These  are:  1.  cyclic  loading  degradates  the 
matrix  properties  and  thus  lower  the  compression  strength  more  than  tension- 
strength,  2.  the  static  strength  and  fatigue  life  have  equal  ranks,  and  3. 
the  residual  strength  may  Increase.  Both  analytical  and  experimental 
approaches  are  used.  The  results  are  not  yet  conclusive.  A sudden-death 
model  is  proposed  to  measure  the  degradation  of  residual  strength.  Three 
regimes  of  residual  strength  are  distinguished,  these  are  the  increase  of 
strength,  weak  degradation,  and  strong  degradation. 
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Statistical  Analysis  of  FatlRue  of  Composite  Materials 


I . Int  reduction 

The  goal  of  this  project  Is  to  gain  understanding  of  fatigue  life  and 
residual  strength  of  unidirectional  graphlte/epoxy  composite.  We  have  limited 
our  study  to  tension  fatigue  at  constant  maximum  stress. 

In  tl»e  understanding  of  composite  fatigue,  there  are  a few  hypotheses 
that  seem  controversl.il  among  the  researchers  in  this  field.  Three  of  these 
hypotheses  are  as  follows: 

A.  Cyclic  loading  degradates  the  matrix;  reducing  its  stiffness  and 
strength,  causing  debonding.  Since  compression  strength  Is  more  sensitive  to 
matrix  properties  than  tension  strength,  therefore  fatigue  degradates  com- 
pression strength  more  than  tension  strength. 

B.  The  static  strength  and  fatigue  life  have  equal  ranks. 

C.  The  resldiual  strength  may  increase,  because  the  debonding  and  matrix 
degradation  near  crack  tips  due  to  fatigue  may  have  a "softening"  effect,  or 
creating  a larger  effective  crack  tip  radius,  thus  increasing  its  static 
strength. 

Tlie  objectives  in  the  program  are  to  verify  or  disprove  these  hypotheses. 
Our  research  involves  both  tlieoretlcal  study  and  experimental  testing.  On  the 
theoretical  phase,  we  have  obtained  some  results  and  reported  them  in  two 
publications,  which  are  reproduced  here  In  the  Appendices.  In  Section  II 
below,  we  summarize  the  major  conclusions  in  these  two  publications,  and  some 
other  preliminary  results. 

The  experimental  work  has  not  been  completed.  In  Section  III,  our  general 
experimental  approach  and  some  of  the  preliminary  results  are  given. 

Our  plan  of  research  for  the  next  year  is  presented  in  Section  IV. 
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Methods  used  include: 


1.  Cumulative  Hazard 

2.  Hazard  Rate 

3.  Modified  Rank-increment  and  Least  Square 

4.  Maximum  Likelihood  with  Censoring. 

The  last  two  methods  have  been  programmed  on  the  computer  and  can  be 
used  routinely.  We  feel  that  the  maximum  likelihood  method  is  the  most 
appropriate. 

C.  Percent  0°-ply  - In  studying  the  shape  parameters  of  existing  experi- 
mental data  of  graphlte/epoxy  composites,  we  found  that  the  scatter  in  static 
strength  and  fatigue  life  is  larger  (small  shape  parameter)  for  those  laminates 
that  have  a large  percentage  of  O^-ply.  The  unidirectional,  which  has 

100  0°-ply,  has  the  largest  scatter  (lowest  shape  parameter). 

D.  Residual  Strength  Models  - The  degradation  model  proposed  by  Hahn 
and  Yang  is  analyzed,  and  the  corresponding  equations  of  residual  strength 
distribution  are  derived.  A sudden-death  model  is  proposed  and  compared  with 
the  Hahn-Yang  model.  These  results  are  presented  in  Appendix  A. 

It  is  shown  in  Appendix  A that  the  Hahn-Yang  model  is  not  general  enough 
to  describe  various  types  of  degradation.  We  propose  a more  general  degrada- 
tion equation,  which  is  based  on  the  equal-rank  assumption.  It  has  a free 
parameter  that  can  be  adjusted  to  fit  different  residual  strength  data.  It  is 
found  that  the  residual  strength  may  increase  or  decrease.  In  the  latter  case, 
the  degradation  could  be  strong  or  weak.  These  analyses  are  given  in  Appendix  B. 


III.  Experimental  Approacli 

Since  tlie  objective  of  the  experiment  is  to  Identify  the  major  material 
characteristics  of  tlie  unidirectional  composite  system  wlien  subjected  to 
tensile  fatigue  load,  the  test  program  is  designed  to  meet  this  objective 
accordingly . 

During  this  reporting  period,  the  experimental  work  performed  may  be 
sumnyjrlzed  as  follows: 

Initially,  we  have  purcliased  from  the  Hercules,  Inc.  13  panels  of 
AS-3501-06  laminates.  Of  these  panels  10  were  6-ply  U.D.  laminates,  2 were 
8-ply  + 30°  laminates  and  1 8-ply  + A5°  laminates.  All  panels  were  1x2  ft^ 
in  size  (30.5x61  cm^) . 

Test  coupons  were  cut  from  tliese  panels  yielding  28  tensile  coupons 
(1.9  cm  x 22.5  cm)  and  28  compression  coupons  (1.9  cm  x 3.2  cm).  All  tensile 
coupons  were  also  furnished  with  glass/epoxy  end-tabs  (of  size  1.9  cm  x 3.8  cm 
To  date,  a total  of  160  tensile  coupons  and  80  compression  coupons  were  pre- 
pared. Of  tliese,  only  92  tensile  coupons  have  so  far  been  fatigue  tested. 

All  fatigue  tests  wore  performed  using  an  INSTRON  closed-loop  hydraulic 

test  machine  with  programnuab 1 e load-control.  The  conditions  under  which 

fatigue  tests  were  conducted  are  as  follows: 

temperature:  room  ambient  23°C 

humidity:  room  ambient  65%R.H. 

load  form:  sinusoidal  0 12  Hz  (tensile) 

Tlie  following  table  Illustrates  the  types  of  tests  which  have  been 


completed  during  this  reporting  period: 


IV.  Plan  for  Next  Year 


During  the  next  reporting  period,  April  1,  1978  to  March  31,  1979,  we 
plan  to  perform  research  on  the  following: 

A.  Theoretical  Approach  - The  residual  strengths  formula  proposed  in 
Appendix  B can  accommodare  only  degradation  of  residual  strength.  As  mentioned 
there,  quite  a few  researchers  have  found  increase  in  residual  strength  after 
a moderate  number  of  cycle  of  fatigue  loading.  We  shall  search  for  a residual 
strength  equation  that  can  accommodate  increase  in  residual  strength,  as 
well  as  strong  and  weak  degradations. 

We  shall  also  study  the  increase  of  static  strength  due  to  local  "softening" 
from  a deterministic  mechanics  point  of  view. 

The  maximum  likelihood  method  used  now  can  only  accommodate  a single  Welbull 
distribution.  We  shall  extend  this  method  to  handle  distributions  that 
are  best  fitted  by  more  than  one  Weibull  function.  In  other  words,  on  the 
Welbull  paper,  the  distribution  is  fitted  by  more  than  one  straight  line 
segment . 

The  role  of  the  strength-life  equal  rank  assumption  will  be  studied  in 
more  detail.  Hahn  and  Kim  have  demonstrated  the  general  validity  of  tills 
assumption  by  applying  "proof  testing"  to  glass/epoxy  composites  subjected  to 
static  fatigue.  Awerbuch  and  Hahn  have  tried  the  same  technique  for  graphite/ 
epoxy  in  tension  fatigue,  with  positive,  but  not  conclusive  results. 

This  equal-rank  assumption,  which  is  most  essential  in  the  current  methods  of 
predicting  fatigue  life  and  residual  strength,  has  been  subject  to  criticism. 

We  shall  try  to  find  means  to  determine  the  validity  of  this  assumption. 


B.  Experimental  Approach  - Future  work  In  the  experimental  program  has 
been  planned  as  follows: 

1.  Proof  test.  (U.D.) 

a)  one  excursion  to  S and  then  to  static  tension  failure 

m 

(30  specimens  minimum): 

b)  one  excursion  to  S and  then  fatigue  operated  at  0.7S 

m or  jjl 

and  a certain  life  (50  specimens  minimum). 

2.  Compression  test  (U.D.) 

a)  Static  compression  tests.  (30  specimens  minimum) 

b)  tensile  fatigue  at  0.7Sm  to  a certain  life  and  then 
residual  tested  under  compression  (50  specimens  minimum). 

3.  Tensile  test  (static  and  fatigue  on  + 30°  and  + A5° 
laminates).  Minimum  50  specimens  each. 

The  above  listed  work  Is  scheduled  to  be  performed  during  the  next 
12  month  period. 
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Appendix  A.  Degradation  and  Sudden-Death  Models  of  Fatigue  of 
Graphite/Epoxy  Composites. 

This  is  the  manuscript  of  a paper  presented  at  the  5th  ASTM  Conference 
Composite  Materials:  Testing  and  Design,  March  22,  1978,  New  Orleans,  La. 


Dep.radation  and  Sudden-Death  Models  of 
Fatigue  of  Craphite/Epoxy  Composites* 


Pel  Chi  Chou 

Billings  Professor  of  Mechanical  Engineering 
and 

Robert  Croman 
Graduate  Assistant 

Drexel  University,  Phila.  , Pa.  19104 

ABSTRACT:  A detailed  approach  to  the  degradation  and  sudden-death  models 
of  residual  strength  is  presented.  The  models  were  used  to  predict  the  resfdua 
strength  of  six  sets  of  experimental  data  of  graphite/epoxy  composites.  The 
adequacy  of  these  models  was  investigated  with  the  use  of  hypothesis  testing  an 
through  the  study  of  the  weakest  residual  strength  specimens.  Both  models 
did  a good  job  In  predicting  mean  residual  strength  but  were  overly  resistive 
in  predicting  the  strength  of  the  weakest  specimens.  The  decrease  in  residual 
strength  was  observed  to  be  less  for  unidirectional  composites  than  for 
composites  of  general  layup. 

KEY  WORDS:  Graphlte/epoxy  composite,  residiuil  strength,  degradation, 
sudden-death,  statistical  analysis. 


* This  work  is  supported  by  the  Air  Force  Materials  I.aboratory, 
Wright-Pat terson  AFB,  Ohio 
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I.  Introduction 

Two  models  for  the  residual  strength  In  fatigue  tested  specimens  are 
studied  here,  the  degradation  model  and  the  sudden-death  model.  The 
degradation  model  Is  based  on  the  assumption  used  previously  In  [1]  and  [2], 

It  stipulates  that  the  strength  of  each  specimen  decreases  a little  after 
each  cycle  of  fatigue  loading.  When  the  residual  strength  drops  to  the  value 
of  the  applied  fatigue  stress,  fatigue  failure  occurs.  On  the  other  hand, 
the  sudden-death  model  assumes  that  the  strength  of  a specimen  does  not  change 
after  each  cycle  of  fatigue  loading.  The  effect  of  each  cycle  Is  impressed  on 
the  specimen  in  a form  other  than  reducing  its  residual  strength.  For  instance. 
It  may  change  the  matrix  properties,  which  does  not  change  the  residual  strength 
immediately.  The  fatigue  failure  is  governed  by  some  mechanism  other  than  the 
residual  strength.  Only  when  the  applied  cycles  are  close  to  the  fatigue  life, 
will  the  strength  then  drop  drastically  in  a short  number  of  cycles.  For  the 
sudden-death  model,  we  have  to  impose  the  additional  assumption  that  there  is 
a unique  relation  between  static  strength  and  fatigue;  the  stronger  ones  last 
longer  [2].  This  lonlque  relation  is  implied  in  the  degradation  model. 

As  shown  later,  some  experimental  data  do  agree  better  with  the  sudden- 
death  model,  Regardless  of  the  direct  applicability,  the  sudden-death 

model  is  useful  as  a limiting  case  in  residual  strength  study. 

In  comparing  the  residual  strength  with  the  static  strength,  it  is  proposed 
that  the  reduced  population  that  Includes  only  "top-percentage"  of  the  static 
specimens  should  be  used.  The  percentage  that  is  excluded  should  equal  the 
percentage  of  the  fatigue  specimens  that  failed  before  the  residual  strength 
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test  is  taken.  By  comparing  the  "top-percent  mean"  of  the  stat..c  strength 
with  the  mean  residual  strength,  we  can  see  whether  there  Is  degradation  or 
increase  In  strength.  The  top-percent  mean  can  be  calculated  either  from 
the  distribution  of  the  total  population  by  taking  proper  conditional  proba- 
bility, or  by  taking  the  sample  mean  of  the  appropriate  stronger  samples. 

In  studying  the  residual  strength  of  composite  materials  under  fatigue 
loading,  Halpln  et  al  [ 3]  proposed  a degradation  equation  that  Is  based  on 
the  crack  propagation  of  homogeneous  materials.  Realizing  that  fatigue  failure 
of  composites  is  not  dictated  by  the  initiation  and  growth  of  a dominant 
crack,  Hahn  and  Kim  [1]  Introduced  the  concept  of  rate  of  change  of  residual 
strength.  Without  referring  to  any  crack,  they  assumed  the  time  rate  of  de- 
crease of  residual  strength  Is  inversely  proportional  to  the  residual  strength 
to  a certain  power.  From  this  deterministic  residual  strength  equation,  and 
the  static  strength  distribution,  they  derived  the  fatigue  life  distribu- 
tion. Following  the  same  approach  as  Hahn  and  Kim,  Yang  and  Liu  [2]  further 
derived  the  residual  strength  distribution,  and  compared  the  results  with  one 
group  of  experimental  data. 

In  the  degradation  model  presented  in  this  paper,  we  start  with  the  same 
assumption  on  rate  of  degradation  as  used  in  [1]  and  [2].  An  approach 
d.'fferent  from  that  of  [2],  however,  is  used  in  deriving  the  fatigue  life  and 
residual  strength  distributions.  In  deriving  the  fatigue  life  distribution, 
we  use  as  our  population  those  specimens  that  have  a static  strength  larger 
than  the  fatigue  stress.  By  using  this  population  base,  the  life  distribution 
does  not  violate  the  basic  properties  of  a cumulative  distribution  function. 
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There  Is  no  negative  position  parameter  In  the  life  distribution,  and  at  zero 


I 

I 

I 


life,  the  cumulative  distribution  Is  zero.  In  deriving  the  residual  strength 
distribution,  we  again  limit  the  population  to  those  specimens  that  have  sur- 
vived the  fatigue  test.  This  Is  done  by  taking  proper  conditional  probability. 
The  resulting  residual  strength  distribution  behaves  nicely;  no  discontinuous 
value  has  to  be  assigned  arbitrarily. 

Experimental  data  on  fatigue  residual  strength  of  graphlte/epoxy  com- 
posites from  four  sources  were  used  for  comparison  with  the  theoretical  models. 
They  contain  six  sets  of  residual  strength  data.  We  limited  our  study  to 
tension-tension  fatigue  at  constant  amplitude. 


II.  The  Degrad.itlon  Model  of  Fatigue 


We  shall  limit  our  discussion  to  constant  amplitude  fatigue,  at  the  constant 
maximum  stress  S.  We  shall  assume  that  the  static  strength  distribution  Is  of 
the  form  of  a two-parameter  Weibull  with  the  parameters  known.  The  fatigue  life 
Is  assumed  me.isured,  with  sample  lives  known,  but  the  exact  form  of  the  life 
distribution  Is  not  selected  before  hand.  The  theoretical  model  will  yield 
the  form  of  the  life  distribution.  For  a fixed  specimen,  the  degradation 
model  assumes  the  rate  of  residual  strength  degradates  according  to  the  strength 
to  a certain  power,  or 

d R(n)  . f(Sj  .jj 

dn  ^ ^c-1 

where  R(n)  is  the  residual  strength  after  n cycles  of  fatigue  at  stress  S, 
c is  a positive  constant  to  be  determined  later,  f (S ) is  a function  of  S,  with 
positive  value.  Since  we  shall  consider  only  one  fixed  value  of  S,  f(S)  is 
a constant.  Integration  of  F.q.  (1)  yields 

R(n)  = Ir‘^(0)  - f(S)n]^^‘'  (2) 

where  R(0)  is  the  static  strength  of  this  specimen.  The  degradation  model 
further  stipulates  that  the  fatigue  failure  occurs  when  the  residual  strength  is 
decreased  to  the  value  S.  If  N Is  the  cycle  when  fatigue  failure  of  this 
specimen  occurs,  then  we  have 

R(N)  - S (3) 

The  degradation  model  is  represented  by  Eqs . (1)  and  (3).  Both  of  these  equations 
are  deterministic;  they  apply  to  each  Indlvlduil  specimen,  regardless  of  the 
randomness,  or  the  distributions  of  the  strength  and  life  of  the  population. 
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It  may  be  pointed  out  that  Eqs.  (2)  and  (3)  also  imply  the  one-to-one 
static  fatigue  relation  discussed  in  [1]  and  [2].  This  can  be  seen  by  sub- 
stituting N for  n in  Eq.(2),  and  utilizing  Eq.  (3), 

N - [R^'CO)  - s‘^]/f(s)  (4) 

Since  S and  f(S)  are  constants,  the  specimen  that  has  larger  value  of  static 
strength  R(0)  will  also  have  a longer  life  N. 

We  shall  next  derive  the  life  and  residual  strength  distributions  from  the 
degradation  equations  (1)  and  (3),  and  the  static  strength  distribution.  Let 
the  static  strength  be  a two-parameter  Weibull,  with  the  cumulative  distri- 
bution function 

Fr(o)(x)  = P[R(0)  < x] 

= 1 - exp[-  ],  0 _<  X < ” (5) 

where  a is  the  shape  parameter,  and  6 the  scale  parameter,  or  characteristic 
strength.  We  use  R(0)  to  represent  the  random  variable  of  static  strength 
and  X to  represent  its  value.  The  lower  range  of  the  strength  x is  at  zero. 

This  Implies  that  some  specimens. even  though  only  a very  small  percentage,  will 
fail  statically  below  the  stress  S.  The  fatigue  life  is  measured  at  the  stress 
S.  Therefore,  the  population  represented  by  the  life  distribution  is  not  the 
complete  population  of  0 ^ x < “>;  it  is  the  population  with  strength  larger 
than  S.  In  order  to  obtain  the  life  distribution  from  the  strength  distribution, 
we  formulate  the  distribution  of  strength  for  those  with  strength  larger  than  S, 
by  taking  a conditional  probability,  or 


(x)  - P(R(0)  £ x|r(0)  > S] 


h(.0),S 

. P[s  < R(0)  ± xl 
PIR(O)  > S] 

- 1 - exp[-(|)  +(|)  1 (6) 

Froa  here  on,  whenever  static  strength  distribution  is  mentioned,  it  refers 
to  Eq.  (6). 

Let  the  cumulative  distribution  of  fatigue  life  at  stress  level 

S,  with  N as  the  random  variable  of  life,  and  n its  value,  then 

Fjj(n)  - P[N  < n]  (7) 

Substituting  Eq.  (4)  into  (7),  we  get 

Fj^(n)  - P[R(0)  £ {nf(S)  + (8) 

According  to  Eq.  (6),  this  becomes 

F^(„)  - 1 - .xp(-  <„ 

where 

n^  - B‘^/f(S)  (10) 

may  be  considered  as  a characteristic  life.  This  is  the  life  distribution 

based  on  the  strength  distribution  Eq.  (6)  and  the  degradation  equation  (4). 
Values  of  the  constants  a and  6 are  known  from  the  strength  distribution; 
values  of  the  two  constants  ng  and  c must  be  estimated  from  fatigue  life 
experimental  sample  data. 
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Note  that  the  domain  for  life  n is  from  0 to  and  that  “ 0,  and 

Fjj(®)  “ 1,  consistent  with  the  basic  properties  of  a distribution  function. 

Equation  (9)  may  seem  to  be  a three-parameter  Weibull  distribution,  but  it  is 

not.  Note  it  has  no  position  parameter,  or  F„(n)  = 0 at  n = 0.  The  term  S/3 

N 

is  a known  constant,  not  a parameter  to  be  determined.  It  has  only  two  param- 
eters, Oq  and  c,  and  can  be  called  a modified  two-parameter  Weibull  distribu- 
tion. 

With  a change  of  notation,  it  can  be  seen  that  Eq.  (9)  is  identical  to 
Eq.  (10)  of  Hahn  and  Kim  [1];  it  is  different  from  Eq.  (8)  of  Yang  and  Liu  [2], 
which  is  a three-parameter  Weibull  distribution  with  a negative  position  param- 


Tlie  value  of  c is  in  the  neighborhood  of  10.  For  values  of  (S/3)  < 0.7, 
values  of  n^  and  a/c  could  be  determined  approximately  by  fitting  experimental 
data  to  an  exact  two-parameter  Weibull;  in  other  words,  (S/3)  may  be  neglected 
in  estimating  the  parameters  n^  and  a/c.  For  large  values  of  S/3,  the  test 
data  may  have  to  be  fitted  to  the  distribution  of  the  exact  form  of  Eq.  (9). 

The  residual  strength  at  a given  life  is,  by  definition,  for  those  speci- 
mens that  survived  this  fatigue  life.  The  population  for  the  residual  strength 
distribution  includes  only  the  survivors.  Let  n^  be  the  life,  or  cycle,  at 
which  the  residual  strength  is  measured,  and  at  this  life,  (I-y)xIOO  percent 
of  the  specimens  failed, yxlOO  percent  survived.  From  Eq.  (4)  and  the  definition 


of  Oq,  we  see  that  the  specimen  with  a life  of  N = n^,  must  have  a static 
strength  of  R(0)  = x^,  such  that 


'(i) 
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It  follows  from  Eqs.  (6)  and  (9)  that 


l-y  ■ - 1 - expj^-  + (I)  ]»/'  + (1)“} 

/ X \“  a 

■ ' - "“’Kf)  + (?)}-  ’’r(0).s  <N) 


Therefore,  at  the  fatigue  cycle  the  survivors  are  those  specimens  that  are 
the  top  yxlOO  percent  in  static  strength  among  those  with  strength  above  S. 
Using  the  notation  R(n_^)  for  the  random  variable  of  the  residual  strength 
after  n^  cycles,  and  y for  its  value,  we  have. 


^R(n  = P[R(n^)  1 ylN  > n^] 

= P[R(n^)  j<  y|R(0)  > x^] 


Substituting  Eq.  (2)  for  R(n^),  we  get 


^(y)  = P R(0)  £ jy'^  + f(S)n  R(0)  > x 


Application  of  Eqs.  (6),  (10)  and  (11)  yields 


^R(n^)^y)  = 1 


- [(f/  nf/  -(D'J 


Cio/c  X a 

If 


1 - exp, 


This  is  the  residual  strength  distribution.  Once  the  static  strength  and 
fatigue  life  are  known  and  the  degradation  model  assumed,  all  constants  in 
Eq.  (15)  are  known.  A comparison  of  this  equation  with  the  experimentally 
measured  residual  strength  will  serve  as  a verification,  or  test,  of  the 


degradation  model. 


V 


Note  that  Eq.  (15)  is  also  a modified  two-parameter  Weibull  distribution. 
The  domain  is  S £ y < “,  with  ^(3)  = 0,  and  ^ (*)  = 1 • 

The  residual  strength  distribution,  Eq,  (15),  may  also  be  derived  from 
the  static  strength  distribution  by  a transformation  of  variables.  Let  us 
first  derive  from  either  Eq.  (5)  or  Eq.  (6),  the  distribution  of  the  top 
y-Percent  of  the  static  strength  as 


= 1 - exp 


X ,a 


(i)“  - (f ) 


(16) 


The  corresponding  density  function  is 


a-1 


’'.A  a' 


^R(O)  = S " I (I)  P 


(17) 


Next,  we  shall  write  the  degradation  equation  (2)  in  terms  of  y and  x,  or 


y = [x'"  - f(S)n]^^‘' 


(18) 


By  taking  the  derivative  dx/dy  from  Eq.  (18),  and  the  transformation 
equation 

dx 


we  obtain. 


^R(n  )^y^  “ ^R(0),y^^^  dy 
Y 


c-1  r , .c  .X 


^R(nY)^^^  (b)  "(f) 


(a-c)/c 


(19) 


exp 


a/c  /X  \ 
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III.  The  Sudden-Death  Model 


In  the  suddcn-doatli  model,  the  residual  strength  of  each  specimen  Is 
assumed  to  remain  unchanged,  or 


R(n)  - R(0) 


(22) 


This  equation  replaces  Kqs.  (2)  and  (3)  of  the  degradation  model.  The 
static-fatigue  one-to-one  relation  will  be  assumed  to  hold.  Recall  that  in 
the  degradation  model  tl>e  one-to-one  relationship  Is  implied  by  Eqs.  (2) 
and  (3).  In  the  present  case,  we  abandon  Eqs.  (2)  and  (3),  but  still  want 
to  retain  the  one-to-one  relatlonslilp.  The  static  strength  distribution 
will  be  the  same  as  In  Kq.  (b) . Tiie  fatigue  life  distribution  may  be  of  any 
form,  and  would  be  most  logical  to  tal'.o  a two-parameter  Welbull, 

vo/c  1 


Fj^(n)  - 1 - exp 


(23) 


For  ease  of  comparison,  however,  we  shall  use  a life,  distribution  of  the  form 
of  Eq.  (9).  The  one-to-one  relationship  is  then  characterized  by 


^R(0),S^%^  “ 


(24) 


Note  that  Eq.  (12),  whlcli  Is  identical  to  (24),  is  a derived  relation; 
wliereas  here  Eq.  (24)  is  a basic  assumption.  It  follows  tliat  after  n^ 
cycles  of  fatigue  lOOY  percent  of  tlie  specimen  survive,  and  contribute  to 
the  residual  strength.  The  residual  strength  distribution  can  be  derived 
by  writing  Eq.  (22)  as 

y « X (25) 

substituting  Eqs.  (17)  and  (25)  into  Eq.  (19)  and  integrating,  we  get 


(26) 


The  mean  of  the  residual  strength  based  on  the  sudden-death  model  can  then 
be  Integrated  from 


V 


j.  " 'r(0).,<-> 


dx 


(27) 
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IV.  Experimental  Data 

In  order  to  study  the  applicability  of  the  degradation  and  sudden  death 
theories  in  predicting  residual  strength,  groups  of  data  were  obtained  from 
four  different  sources.  All  the  data  used  was  for  graphite/epoxy  composite 
specimens  subjected  to  tension  loading.  These  tests  may  be  categorized  by 
the  percent  of  0“  plies  comprising  the  specimens.  The  first  category  of 
tests  were  obtained  from  work  by  Yang  and  Liu  [2]  and  Ryder  and  Walker  [4] 
(Laminate  I)  and  the  percentage  of  0°  plies  is  25%.  The  second  category, 
which  has  67%  0®  plies,  is  the  l.amlnate  II  data  of  Ryder  and  Walker.  The 
third  category  of  data  comes  from  the  work  of  Awerbuch  and  Hahn  [5]  and  Wang 
16],  Here  the  specimens  are  unidirectional  (100%  0®  ply). 

All  these  sets  of  data  are  tabulated  in  Appendix  A.  For  each  set  the 
exact  layup  is  given.  The  static  strength,  fatigue  life  and  residual  strength 
data  are  presented  in  tl^at  order.  For  the  fatigue  data  the  nMximum  applied 
load,  S,  is  given  along  with  the  stress  ratio,  R,  and  the  cycling  frequency,  F. 
As  is  noted  In  the  tables,  fatigue  life  In  parenthesis  denotes  an  element  t)iat 
was  suspended  or  censored  at  that  particular  life  for  the  purpose  of  residual 
strength  test  or  was  a run-out.  Tlie  data  of  tlic  residual  strength  tests  vliich 
were  used  for  the  purposes  of  this  report  are  listed  along  with  tlie  conditions 
and  life  to  which  they  were  fatigued. 

In  order  to  predict  the  residual  strength  by  the  theories  presented  in 
this  report  it  was  necessary  to  fit  Eqs.  (5)  and  (9)  to  the  static  and  fatigue 
data  respectively.  Eq,  (5)  is  a two  parameter  Welbull  and  presents  no  diffi- 
culties in  order  to  determine  a and  6.  Eq.  (9)  is  a modified  two  parameter 
Welbull  distribution  and  is  hard  to  fit  to  the  fatigue  data.  However  tiie  S/B 
ratios  considered  in  tills  paper  are  all  loss  than  or  equal  to  0.7.  Since  the 
exponents  c and  a are  of  the  order  of  10,  the  S/B  terms  become  small  and  can 
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be  neglected.  With  this  simplification  the  determination  of  the  two  unknown 
parameters,  c and  n^  Is  straight  forward.  The  maximum  likelihood  method  of 
Cohen  [7]  was  used  to  this  end.  This  technique  can  handle  progressively 
censored  specimens.  Before  presenting  the  obtained  parameters,  a few  comments 
must  be  made  on  the  treatment  of  some  of  the  data. 

The  treatment  of  the  static  data  was  straight  forward  but  several  sets 
of  fatigue  data  were  open  to  interpretation  and  will  be  discussed  here.  The 
fatigvte  life  parameters  for  the  Awerbuch-Hahn  data  were  determined  by  assum- 
ing that  the  last  16  censored  items  were  suspended  at  a life  of  600,000  cycles 
instead  of  2 million  cycles.  The  reason  for  this  is  that  in  private  communi- 
cations with  those  authors  there  was  reason  to  believe  that  there  were  more 
failures  past  the  last  failed  specimen.  Therefore  in  order  to  be  fair  with 
the  data  at  hand  it  was  decided  to  censor  those  mentioned  items  at  an  earlier 
life.  The  fatigue  parameters  obtained  for  the  Laminate  I of  Ryder-Walker  were 
obtained  by  combining  data  sets  1,  ii,  and  lii.  In  the  treatment  of  Laminate 
II  data  of  Ryder-Walker  it  was  decided  to  ignore  the  three  failures  at  1 cycle. 
Inclusion  of  these  three  data  points  would  have  resulted  in  an  unrealistically 
large  value  of  n^.  Data  sets  i and  ii  of  the  Yang-Llu  fatigued  specimens  were 
combined  for  analysis.  The  estinvited  parameters  for  the  static  and  fatigue 
samples  are  summarized  In  Table  1. 


V.  Comparison  between  Experimental  Data  and  Theoretical  Models 

Having  estimated  the  static  strength  and  fatigue  life  Weibull  parameters, 
we  are  now  ready  to  see  how  well  the  theoretical  models  predict  the  residual 
strength.  We  shall  first  compare  the  means  of  the  residual  strength,  and 
then  compare  the  strength  of  the  weakest  specimens. 

The  mean  of  the  residual  strength  for  six  cases  has  been  calculated  by  the 
degradation  model  with  Eq.  (21),  and  by  the  sudden  death  model  with  Eq.  (27). 
These  are  tabulated  in  Table  2 . The  means  have  been  normalized  by  the  re- 
spective static  strength  scale  paiameters,  B.  The  sample  mean,  x,  and  sample 
standard  deviation,  s,  are  also  recorded  for  each  case.  As  mentioned  before, 
the  sudden  death  model  represents  no  degradation  of  the  individual  specimens. 
Comparing  the  values  of  the  mean  of  the  degradation  model  with  those  of  the 
sudden  death  model,  we  see  that  the  decrease  of  the  mean  is  very  small.  For 
all  six  cases  studied  here,  the  mean  of  the  degradation  model  is  within  three 
percent  of  those  of  the  sudden  death  model.  Comparing  the  experimental  sample 
mean  with  the  sudden  death  means,  we  see  that  two  of  the  cases,  both  of  uni- 
directional layup  (100%  0“  ply),  have  a slight  increase  in  residual  strength, 
although  the  increase  is  so  small  that  it  may  be  within  the  statistical  scatter. 
For  these  two  cases,  the  sample  mean  is  closer  to  tlie  sudden  death  means;  for 
the  other  four  cases,  the  sample  mean  is  closer  to  the  mean  of  the  degradation 
model.  Since  the  number  of  specimens  used  in  these  cases  are  not  the  same, 
hypothesis  testing  will  be  made  to  indicate  which  model  is  in  agreement  with 
the  experimental  data. 

The  hypothesis  to  be  tested  is  that  the  population  from  which  the  sample 

was  obtained  has  a mean  p which  is  the  same  as  the  theoretical  mean  p . 

Y 


This  hypothesis  is  denoted  as 

“o’ 

The  alternative  hypothesis  is  denoted 

“a’  ^ ^Y^  ^A*  ^ ^Y^ 

The  choice  of  the  alternative  will  be  determined  by  the  relative  values  of 

X and  p . The  random  variable 
Y 

(x  - W 

-I (30) 

s 

where  n is  the  sample  size,  is  assumed  to  have  a Student-t  distribution 
with  n-1  degrees  of  freedom.  Strickly  speaking,  this  is  true  only  when  the 
population  is  normal.  For  practical  purposes,  it  is  a good  enough  approximation 
for  non-normal  distributions,  [8].  Now  the  hypothesis  will  be  accepted  at 
a significance  level  0 if 

(x  - 

s 

where  t-  , is  the  0-percentile  value  of  the  t-distribution  with  (n-1) 
degree  of  freedom.  Otherwise  the  alternative  hypothesis,  is  accepted  and 
Hq  rejected. 

For  a significance  level  of  5%  the  degradation  model  is  acceptable  for 
all  six  cases,  as  shown  in  Table  3 . The  sudden  death  model  is  also  acceptable 
to  all  except  one  case.  When  the  significance  level  is  increased  to  lOX, 
the  degradation  model  is  still  acceptable  for  five  cases,  and  is  not  acceptable 
for  one  of  the  unidirectional  cases.  With  10%  significance  level,  the  sudden 
death  model  is  acceptable  for  two  of  the  three  unidirectional  cases  and  for 
only  one  of  the  other  three  cases.  It  must  be  kept  in  mind  that  by  Increasing 
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0,n-l 


(31) 


A 


the  slgnlflcane  level  from  57.  to  lOZ,  we  decrease  the  "type  II"  error  but 
increase  the  "type  I"  error.  The  simple  hypothesis  test  used  here  can  give 
only  a general  Indication. 

From  the  discussion  above  we  may  draw  the  tentative  conclusion  that  the 
degradation  model  is  satisfactory  in  predicting  the  mean  residual  strength. 

For  most  cases,  the  sudden  death  model  may  also  be  used  to  predict  the  mean 
residual  strength.  For  two  of  the  unidirectional  composites,  the  sudden 
death  model  agrees  with  the  experimental  data  better  than  the  degradation  model. 

We  shall  now  make  the  comparison  on  the  values  of  the  weakest  residual 
strength  specimen.  The  present  degradation  model  has  a degradation  rate  that 
is  highly  dependent  on  the  strength  itself.  As  can  be  seen  from  Eq.  (1), 
at  high  values  of  R(n),  dR/dn  is  small;  the  only  appreciable  decrease  in 
strength  occurs  when  R(n)  is  small,  either  by  having  a small  value  of  R(0) 
to  start  with,  or  when  n is  large.  Figure  1 contains  plots  of  Eq.  (2)  with 
Wang's  static  strength  and  fatigue  data.  As  can  be  seen,  at  10^  cycles,  the 
stronger  specimens  have  very  little  decrease  in  strength  according  to  the 
degradation  model.  At  this  cycle,  most  of  degradation  occurs  for  the  weaker 
specimens,  those  having  a static  strength  between  0.8  to  0.95.  Figure  2 
shews  the  same  trend  for  the  Ryder-Walker  laminate  II  data.  To  compare  the 
residual  strength  models,  it  is  more  instructive  to  compare  the  weakest  of  the 
residual  specimens.  It  may  also  be  mentioned  that  the  weaker  residual  strength 
specimens  are  of  the  most  practical  importance. 

We  shall  compare  the  weakest  specimen  by  first  ploting  the  experimental 
residual  strength  data  points  directly,  as  solid  dots,  as  shown  in  Fig.  3. 


In  this  case,  there  are  18  residual  strength  data  points,  which  are  all  shown 
In  the  figure.  The  static  strength  data  are  also  shown  as  solid  dots,  and 
the  fatigue  failure  points  are  showti  as  circles.  Next,  we  obtain  the  median 
rank  values  for  18  specimens  from  median  rank  tables,  [9],  These  median  ranks 
are  considered  as  the  distribution  function  F,  and  the  residual  strength 
corresponding  to  each  of  these  F values  Is  then  calculated  from  Eq.  (15)  for 
the  degradation  model,  and  from  Eq.  (16)  for  the  sudden-death  model.  In 
Fig.  3,  the  degradation  points  are  plotted  as  triangles,  and  the  sudden-death 
points  as  crosses. 

From  Fig.  3 it  can  be  seen  that  the  experimental  weakest  specimen  (lowest 
dot)  is  In  between  the  weakest  sudden-death  points  and  weakest  degradation 
points.  For  this  case,  the  experiment  seems  to  agree  better  with  the  sudden- 
death  model 

Figure  4 shows  a similar  plot  for  the  case  of  Laminate  II  of  Ryder-Walker. 
Here,  It  Is  Interesting  to  note  that  the  weakest  of  the  15  specimens  from  the 
degradation  model  is  about  the  same  value  as  that  from  the  sudden  death  model. 
The  experimental  one  has  a much  lower  value  than  the  models.  Tills  indicates 
that  the  present  degradation  model  does  not  have  enough  degradation;  it  Is  more 
close  to  the  sudden-death  model  whereas  the  experimental  data  shows  more 
degradation. 

Another  case  Is  shown  in  Fig.  5.  Again,  the  degradation  model  is  not 
much  different  from  the  sudden  death  model.  However,  the  experimental  weakest 
specimen  shows  a much  higher  value  than  those  of  the  models. 


k 


-27- 


VI.  Limitation  of  the  Present  Degradation  Model 


( 
( 

The  present  degradation  model  has  a degradation  rate  that  contains  two 
parameters,  f(s)  and  c,  as  shown  in  Eqs.  (1)  and  (2).  These  two  parameters 
are  determined  completely  by  the  fatigue  life  distribution  data.  For  a given 
material  under  a given  fatigue  loading,  once  the  static  strength  and  the  fatigue 
life  distributions  are  known,  the  residual  strength  at  all  fatigue  cycles  are  I 

fixed  according  to  the  present  model;  there  is  no  open  parameter  to  accommodate 
different  residual  strength  distributions.  In  other  words,  according  to  the 
present  model,  two  materials  having  the  same  static  strength  and  fatigue  life 
distributions,  must  also  have  the  same  residual  strength  distribution. 

This  seems  to  be  very  restrictive. 

Application  of  the  present  degradation  model  to  the  six  cases  studied 
shows  clearly  this  limitation.  For  instance,  in  Fig.  6,  the  mean  residual  strength 
according  to  both  sudden-death  and  degradation  models  are  plotted  against 
fatigue  cycles,  for  the  case  where  c is  56.1.  The  degradation  curve  is  very 
close  to  the  sudden-death  curve.  Indicating  that  the  degradation  model  offered 
very  little  degradation  in  this  case.  This  fact  has  also  been  shown  in  Fig.  4. 

Figure  7 shows  another  case  where  c is  10.8.  Here,  the  degradation  curve  is 
substantially  different  from  the  sudden-death  curve,  but  the  experimental  data 
show  better  agreement  with  the  sudden-death, 

I In  view  of  the  above,  we  feel  that  the  present  degradation  model  is 

I overly  restrictive  and  not  adequate.  An  appropriate  degradation  model  should 

j have  one  more  parameter  to  adjust  for  different  residual  strength  when  the 

1 static  strength  and  fatigue  life  are  fixed. 

[ 

I 
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VII  Conclusions 


I 

I 

I 

i 


i 


We  shall  sumciarlze  a few  comments  made  before: 

1.  In  deriving  the  statistical  distribution  for  strength  and  life, 
care  must  be  taken  to  use  the  proper  population  base.  It  will  avoid 
getting  distributions  with  negative  Weibull  position  parameters, 

or  getting  non-zero  cumulative  distributions  at  the  lower  bound  of 
the  domain. 

2.  In  general,  the  degradation  model  correctly  predicts  the  mean  of  the 

esldual  strength  of  the  six  sets  of  test  data  studied.  This  is  not 
a severe  test  for  the  model,  because  the  decrease  in  the  mean  residual 
strength  in  these  six  cases  is  very  small.  The  sudden-death  model, 
which  assumes  no  degradation  for  individual  specimens,  is  also 
satisfactory  in  predicting  the  residual  mean  for  most  of  these  six  cases. 

3.  The  sudden-deatli  model  should  be  used  as  a standard  to  measure  degradation. 

4.  The  degradation  model  does  not  predict  accurately  the  weakest  residual 
strength  among  a set  of  residual  strength  data. 

5.  The  degradation  model  presented  here  is  overly  restrictive.  Once 
the  static  and  life  distributions  are  given,  it  predicts  a fixed 
residual  strength  distribution,  which  may  not  agree  with  experi- 
mental data.  A more  general  degradation  model  with  an  additional 
parameter  would  be  more  versatile  in  matching  different  residual 
strength  distributions  of  composite  materials. 

6.  For  unidirectional  composites,  the  decrease  of  residual  strength  is 
less  tlian  that  for  composites  of  general  layup. 
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Appendix  A Experimental  Data  of  Composite  Materials 
A.l  Awerbuch-Hahn  [ 5).  CR/E,  8-10  ply,  0” 


Static 

Tension  : 

Strength, 

ks  i ' (48 

specimens) 

122.3 

168.0 

188.5 

205.0 

212.7 

222.4 

123.6 

174.8 

193.2 

205.3 

214.5 

223.0 

147.1 

181.5 

196.9 

205.4 

216.8 

225.2 

149.5 

182.3 

197.1 

206.5 

217.4 

226.5 

149.7 

183.0 

200.4 

207.9 

219.4 

227.8 

161.9 

183.6 

201.9 

209.0 

220.0 

228.3 

161.9 

184.7 

202.2 

211.8 

220.6 

228.6 

166.5 

186.4 

203.0 

212.2 

221.5 

232.0 

Sample 

Tiean  strength 

196.5 

Sample 

standard 

deviat ion 

- 27.5 

ksi 

Tension-Tension  Fatigue  Life,  Cycles,  Max.  Stress  “ 127.3  ksi 


- 0.1,  F 

“ 33  Hz  (74  specimens,  19 

10,900 

1(100,000)* 

219,900 

16,000 

1 • 

‘“1  ; 

223,500 

17,100 

305, 300 

31,800 

1(100,000) 

315,400 

33,100 

118,200 

355,800 

46,100 

118,500 

386,500 

47,100 

121,600 

94,000 

213,000 

21 


[(500,000) 

[(500,000) 
546,600 
[(2,000,000) 


16. 


(2,000,000) 


Residual 

Tens  ion 

Strength 

, ksi,  at 

1x10^  cycles.  (18 

specimens) 

Tension- 

Tension 

Fat^gUvd 

with  Max, 

Stress  =127,3  ksi 

, R = 0.1 

167.2 

176.6 

198.2 

216.6 

220,8 

227.7 

F - 33  Hz 

167,7 

185.2 

212,4 

218.2 

223.5 

230.5 

174.8 

192.6 

213.4 

213.4 

223,9 

230.6 

Residual 

Tension 

Strength 

, ksi,  at 

5x10^  cycles.  (21 

specimens) 

Tension- 

Tension 

Fatigued 

with  Max. 

Stress  =127.3  ksi 

, R = 0.1 

F - 33  Hz 

164.0 

178.4 

188,6 

200.8 

204.8 

215.2 

221.0 

167.1 

180.5 

192,4 

202,4 

207.0 

217.4 

227.2 

172.9 

182.4 

199.3 

203.1 

207.2 

218.6 

240.7 

1 ksi  - 6.894x10^  Pa 

Parenthesis  indicate  element  did  not  fail  in  fatigue  but  was  suspended  at  the 
stated  life  for  residual  strength  test  or  run-out. 
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Ryder-Walker 

Laminate  I 

Data  ( 4 

] GR/E, 

16  ply,  (O/+45/9O/-452/ 

90/+45/0) 

a.  Static  Tension  Strength,  ksi 

(25  specimens)  I 

62.0 

66.0 

69.3 

70.6 

72.0  ' 

64.4 

66.0 

69.7 

70.6 

72.6 

64.6 

67.6 

69.9 

71.3 

73.0 

64.6 

68.0 

69.9 

71.4 

74.2 

65.2 

69.3 

69.9 

71.8 

75.4 

X “ Sample  Mean  Strength 

= 69.2 

ksi  1 

s “ Sample  Standard  deviation  = 3.4  ksi 


b.  Tension-Tension  Fatigue  Life,  Cycles,  Max.  Stress 

i.  Data  Set  1 (20  specimens,  20  failures) 


50  ksi,  R = 0, 

F «=  10  Hz. 


11,491 

51,848 

64,070 

81,571 

17,578 

54,187 

69,711 

87,373 

j 40,270 

58,530 

70,049 

116,667 

! 41,200 

59,320 

70,497 

367,644 

j 44,830 

60,912 

71,400 

512,600 

ii.  Data  Set  2 (21  specimens,  1 failure,  20  suspended) 

21,600 

(31,400) 

20  J : 

.(31,400) 


• I..' 

iii.  Data  Set  3 (23  specimens,  3 failures,  20  suspended)  J 


5,350 

J 

r31,400 

14,200 

20' 

• 

• 

28,800 

31,400 

Residual 

Tension  Strength,  ksi. 

at  31,400  cycles. 

(20  specimens) 

Tens Ion- 

Tension 

Fatigued  with  Max.  Stress  = 50  ksi. 

R •=  0, 

F = 10  Hz. 

54. 6 

59.0 

61.6  66.0 

67.5  69.9 

71.7 

57.7 

59.8 

64.4  66.2 

68.8  71.4 

72.6 

57.9 

60.6 

64.4  67.0 

69.3  71.7 

.3 


Ryder-Walker  Laminate  II  Data  [4],  GR/E,  24  ply, 

02/-45/0)g 

a.  Static  Tension  Strength,  ksi  (20  specimens) 


118.7 

129.8 

133.4 

134.5 

136.1 


136.4 

136.6 

139.5 
140.4 

140.8 


141.2 
145.4 

146.6 

147.2 

147.6 


148.7 

148.8 

150.2 

150.5 

161.8 


X “ Sample  mean  strength  = 141.7 


s - Sample  standard  deviation  = 9.3 


b.  Tension-Tension  Fatigue  Life,  Cycles,  Max.  Stress  = 100  ksi 
R = 0,  F = 10  Hz  (51  specimens,  9 failures,  42  suspended) 


1 

1 

1 

910 

1,880 

2,000 

495,040 

826,940 


38 


930,000 

(1,000,000) 

• 

(1,000,000) 

(1.055.000) 

(1.212.000) 

(1.358.000) 

(1.470.000) 


c.  Residual  Tension  Strength,  ksi,  at  1x10^  cycles.  (20  specimens) 
Tension-Tension  Fatigued  with  Max.  Stress*  100  ksi 
R = 0,  F = 10  Hz. 


120.9 

138.5 

140.6 

149.1 

152.8 

127.5 

139.3 

142.2 

149.6 

153.0 

134.4 

139.9 

144.3 

150.1 

154.5 

136.2 

140.4 

147.7 

150.3 

159.2 
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A.4  Yang-Llu  {2  ),  GR/E.  8 ply,  (0,90,  + A5)s 

a.  Static  Tension  Strength,  ksi  (12  specimens) 


63.152  72.323 
66.312  72.626 
71.900  75.050 


77.743  81.324 
78.316  81.742 
80.052  84.154 


X “ Sample  mean  strength 


- 75.391  ksl 


s - Sample  standard  deviation  6.394  ksi 


b.  Tension-Tension  Fatigue  Life,  Cycles,  Max.  Stress  - 52,716  ksi 
R - 0.1,  F - 20 

1.  Data  Set  1 (9  specimens,  9 failures) 


3,840 

117,580 

18,790 

155,000 

88,000 

221,200 

228,500 

228,700 

310,000 

11.  Data  Set  2 (8  specimens,  1 failure,  7 suspended) 

17,540 

(26,000) 

7 J : 

(26,000) 

c.  Residual  Tension  Strength,  ksi,  at  26,000  cycles.  (7  specimens) 
Tension-Tension  Fatigued  with  Max.  Stress » 52, 716  ksi,  R “ 0.1, 


62.2 

74.3 

66.3 

78.0 

69.1 

84.1 

73.7 
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A, 5 Wang  [6],  GR/E,  6 ply,  0“ 

a.  Tension  Static  Strength,  ksl  (24  specimens) 


158.9 

189.3 

206.1 

214.1 

224.0 

237.0 

177.1 

194.2 

207.2 

214.8 

228.2 

245.0 

177.9 

195.4 

209.5 

216.3 

228.6 

250.7 

186.7 

205.3 

213.3 

222.5 

229.7 

255.2 

Sample 

mean  strength  = 212. 

0 

Sample 

standard 

deviation  *■ 

24.0 

b.  Tension-Tension  Fatigue  Life,  Cycles,  Max  Stress  ■ 148.3  ksl 
R = 0.1,  F = 9.5  Hz  (36  specimens,  4 failures,  32  suspended) 


8,352  68,517  441,030 

((10,000)  ((100,000)  531,170 

15^  : 15J  : (1,000,000) 

1(10,000)  1(100,000)  (1,000,000) 


Residual  Tension  Strength,  ksl,  at  1x10^  cycles.  (15  specimens) 
Tension-Tension  Fatigued  with  Max.  Stress  = 146.3  ksl 
R=  0.1,  F = 9.5  Hz. 
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TABLE  1 Welbull  Parameters  by  Maximum  Likelihood  Estimation 


TABLE  2 Comparison  of  Mean  Residual  Strength 


Z 0“ 

Data  Source 

n 

y 

Predicted  Mean 

Strength,  u_^/e 

Sample 

Values 

ply 

[Ref.] 

cycles 

Degradation 

Model 

Sudden  Death 
Model 

Mean,  3r/6 

S • D*  f s/6 

25Z 

Yang-Llu  [2] 

26,000 

0.960 

0.985 

0.928 

0.096 

Ryder  Walker 
Laminate  I 

31,400 

0.967 

0.993 

0.963 

0.081 

67% 

Ryder  Walker 
Laminate  II 

1x10^ 

0.987 

0.988 

0.983 

0.065 

Awerbuch 

1x10^ 

0.964 

0.977 

0.990 

0.108 

100% 

Hahn 

5x10^ 

0.976 

1.012 

0.962 

0.098 

Wang  [6] 

1x10^ 

0.960 

0.977 

0.990 

0.071 

TABLE  3 Test  of  the  Hypothesis  (p  = Mean  Residual  Strength 

Does  the  sample  come  from  a population  whose  mean  is  the  same  as  the  theoretical 
model,  or,  does  the  test  data  agree  with  the  model,  in  terms  of  mean  residual 
strength. 


Significance 

Model 

Yang- 

Ryder 

Walker 

Awerbuch 

Hahn 

Wang 

Level 

Liu 

Laminate 

I 

Laminate 

II 

n =1x10^ 

Y 

cycles 

n =5x10^ 
Y 

cycles 

5% 

Degradation 

Yes 

Yes 

Yes 

Yes 

Yes 

Yes 

Sudden-Death 

Yes 

Yes 

Yes 

Yes 

No 

Yes 

Degradation 

Yes 

Yes 

Yes 

Yes 

Yes 

No 

iU>4 

Sudden  Death 

No 

No 

Yes 

Yes 

No 

Yes 

SUDDEN- DEATH DEGRADATION 


LIFE,  NO.  OF  CYCIIS 

ricure  1.  Residual  Strength  vs.  Fatigue  Cycle  According  to  Degradation  and  Sudden-Death  Models. 
Ratio  of  Shape  Para»eter,  c ” 10.8,  Data  from  Sang  T6j. 


SUDDEN-DEATH  DEGRADATION 


Figure  2.  iMldual  Strmttb  v».  Fatlsu*  Cycl«  Aecordlas  to  DogradatloB  and  Suddan-Oaath 

Nodala.  iatlo  of  Shapa  Psraaatar,  c - 56.1,  Data  fro«  Kydar-Walkar,  Laalnata  II 

(*). 


EXPERIMENT 


LIFE,  NO.  OF  CYCLES 

Figure  3.  Conparisoti  of  Degradation  and  Sudden-Death  Models  with  F.xperlnental  Residual 
Strength  for  Data  fron  Awerbuch-Hahn  (5]. 


Sudden-Death  Models  with  Experiaental  Residual  Strength 
lalnate  II 


LIFE,  NO.  OF  CYCLES 

Figure  5.  Comparison  of  Degradation  and  Sudden- Jeaf h :MelB  vith  /.xpcrimcntal 
Residual  Strength  f.>r  Data  from  Wang  (6). 
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Residual  Strength  lu  Fatir.uQ  Based  on  the 
Strerij^th -Li f e Fgual  Rank  Assumption 


Scope 

In  studying  the  residual  strength  of  composite  materials  under  fatigue 
loading,  Halpln  et  al  [1]  proposed  a degradation  equation  that  is  based  on  the 
crack  propagation  of  homogeneous  materials.  Realizing  that  fatigue  failure  of 
composites  is  not  dictated  by  the  initiation  and  growth  of  a dominant  crack, 

Hahn  and  Kim  [2]  introduced  the  concept  of  rate  of  change  of  residual  strength, 
without  referring  to  any  crack.  They  assumed  the  time  rate  of  decrease  of 
residual  strength  is  inversely  proportional  to  the  residual  strength  to  a certain 
power.  From  this  deterministic  residual  strengtli  equation,  and  the  static 
strength  distribution,  they  derived  the  fatigue  life  distribution.  Following 
the  same  approacli  as  Hahn  and  Kim,  Yang  and  Liu  [3]  further  derived  the  residual 
strength  distribution,  and  compared  the  results  with  one  group  of  experimental 
data. 

In  a recent  paper,  Chou  and  Croman  [^)  demonstrated  that  the  degradation 
model  used  by  Hahn  and  Yang  is  overly  restrictive.  According  to  that  model,  once 
the  static  strengtli  and  tlie  fatigue  life  distributions  are  known,  the  residual 
strength  at  all  fatigue  cycles  are  fixed,  there  is  no  open  parameter  to  accommodate 
different  residual  strength  distributions.  In  this  paper,  wo  sliall  introduce  a 
degradation  equation  whicli  contains  an  additional  parameter.  This  parameter  can 
be  adjusted  to  fit  various  .residual  strength  data  for  a material  of  fixed  static 


Hahn  and  Kim  [2]  have  introduced  the  assumption  of  a unique  relation  between 
the  ranks  in  static  strength  and  in  fatigue  life  of  a given  specimen.  We  siiall 
call  this  the  strength-life  equal  rank  assumption.  Tliis  is  a very  fundamental 
assumption  because  if  this  is  not  true,  tlien  the  equation  of  degradation  of 
residual  strength  of  a specific  specimen  can  not  be  deterministic,  and  random 
variables  must  be  used.  In  [4],  it  was  shown  that  the  deterministic  degradation 
equation,  used  by  Yang  and  Liu  implies  this  equal-rank  assumption.  In  fact, 
all  deterministic  fracture  mechanics  equations  in  fatigue  all  imply  this  equal 
rank  assumption. 

In  this  paper,  we  shall  first  make  tlie  strength-life  equ.al  rank  assumption. 
Based  on  this  assumption,  the  constraints  on  the  degradation  equation  are  de- 
rived. Then  a possible  form  of  degradation  equation  is  introduced.  The  residual 
strength  distribution  is  then  derived,  and  compared  with  existing  experimental 
results . 

Another  concept  introduced  here  concerns  two  processes  going  on  simultan- 
eously during  fatigue.  One  is  the  degradation  of  individual  specimens,  the  other 
is  the  weeding  out  of  weak  specimens  by  fatigue  failure.  Depending  on  which,  of 
tliese  two  processes  is  more  dominant,  the  mean  of  the  residual  strength  can  be 
smaller  or  larger  than  the  mean  of  the  static  strength.  The  former  is  called 
strong  degradation,  the  latter  weak  degradation. 
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Residual  Strength  Equations 


Let  us  assume  that  both  tlie  static  strength  and  the  fatigue  life  distribu- 
tions are  of  the  tuo-parametcr  Weibull  form,  and  the  parameters  are  known  fror.  .ex- 
perimental data.  Let  R(0)  be  the  random  variable  of  static  strength  and 
X be  its  value,  then  the  distribution  function  of  the  static  strength 
is 


Er(0)(x)  = I'tR(O)  ^ x]  = 1 - exp(-  X ) 


(1) 


where  a is  the  shape  parameter.  The  strength  x has  been  normalized  by  its 
characteristic  value  (scale  parameter),  or 


X = 


static  strength 

3 


(2) 


where  3 is  the  scale  parameter  of  static  strength. 

In  order  to  compare  the  static  strength  with  the  fatigue  life  at  a 
stress  S,  we  formulate  the  distribution  of  strength  for  those  specimens  that 
have  strength  larger  than  S.  This  is  accomplished  by  taking  the  conditional 
probability, 

,(x)  = r[R(0)  < x1r(0)  > S] 


R(0),S 


= 1 - exp(-  x*^  + s'*) 


Let  N be  the  random  variable  of  fatigue  life,  and  n its  value,  then 

“l 

F (n)  = P(N  < n)  = 1 - exp(-  n ) 

N — 


(3) 


(4) 


where  is  the  shape  parameter.  The  life  n lias  been  norimalized  by  the  char 


acteristic  life  (scale  parameter),  or 


life 


(5) 


0 


where  Hq  is  the  scale  parameter  of  the  life  distribution.  In  this  paper, 
all  stress  and  strength  will  be  normalized  by  3,  and  life  by  Uq. 
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Tlic  assun-.ption  that  for  a givcij  specimen  the  static  strencth  and  fatipu 


life  have  the  same  rank  is  then  represented  by 


(C) 


where  x is  a value  that  gives  a cumulative  distribution  of  static  strength 
Y 

1-Y,  or,  lOOy  percent  of  the  specimens  has  strengtli  higher  than  x^. 


(7) 


and , 
or 


similarly , 


n is  the  life  that  eives  a cumulative  distribution  of 
Y 


1-Y. 


It  follows  then, 


1 - Y. 


a a 
X - S 
Y 


(8) 


(9) 


This  equation  states  that  the  particular  specimen  that  has  a static  strength 

X , will  have  a fatigue  life  n , and  x and  n are  related  by  Kq.  (9). 

Y Y Y Y 

Next  we  shall  propose  a family  of  degradation  equations  that  is  com- 
patible with  the  equal  rank  relation,  Eq.  (9).  Tliere  will  be  no  loss  of 
generality  by  considering  that  the  residual  strength  is  S wlien  fatigue 
failure  occurs. 

In  writing  a degradation  equation,  we  follow  a specific  specimen  with 
a static  strength  x^,  and  ask  for  its  residual  strength  as  a function  of  t i'" 
or  cycle.  Let  the  residual  strength  be  y,  which  is  a function  of  x^  and  n. 
Tlien,  the  degradation  equation 


y = y(>t^.n) 


(10) 


must  satisfy  the  condition  that  it  passes  through  the  points 
(S.n^),  or 

y(x^,n)  = 


(x^.O) 


and 


(11) 
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where  n is  related  to  x by  Eq.  (9). 

Y Y 

It  can  be  shown  easily  that  Eqs.  (II)  are  satisfied  by  the  equation 


a a 

~ y 


a \ “ o'* 

X - S \x  - S > 
Y '■  Y ' 


where  i is  a constant.  This  can  be  written  as 


a,  , , ia. 


a a , a „a.l-i,  1.  _ a l/n\  1 

f - S ) (n  ) = x^  - n^  ; 


The  corresponding  degradation  rate  is 


. ia  -1  , a a. 
ia,  1 (x  - S ) 

1 n X 


By  assuming  different  values  to  i,  a family  of  degradation  curves  can  be 
constructed.  In  Figs.  1 and  2,  a family  of  y vs.  n curves  are  shown,  each  for 
a particular  set  of  values  of  a and  a^.  The  sudden  death  curves  as  discussed  in 
[41.  as  well  as  the  Hahn-Yang  model,  are  also  shown  in  these  figures.  All  curves 
are  for  the  specimen  that  has  a value  of  x^  equal  to  0.9. 

Kext  let  us  derive  the  distribution  for  the  residual  strength  after  n^^ 
cycles  of  fatigue,  when  100  (y^^) percent  of  the  specimens  have  survived. 

Fig.  3 shows  schematically  the  residual  strength  as  a function  of  n for  two  values 


of  X.  For  n = n , Eq.  (13)  becomes 

. /n  \ 1 

1 j lot-i  / Y,\ 

a a , a „a.l-l  , 1,  a 1/  '1\ 

y=x-(x-S)  (n  )=x-n(  

YY  Yj  YY\n/ 


To  obtain  the  distribution  of  R(n  ),  let  us  first  find  the  distribution  of  the 


top  Yj-percent  of  the  static  strength,  or 


F (x  ) 

R(0),Yj^  Y 


I r “ j “ 

1 - exp[-  X + X 
Y Yi 


V 


The  corresponding  density  function  is 


, ^ I “ j.  “ 1 


The  derivative  dx  /dy  is 
Y 


(y/x^) 

[1  - (l-i)n''^  (x“  - s“)"^] 
Yl  Y 


The  density  function  of  the  residual  strength  is  then 


'rU  )<>"  ■ 'R(0).r  <V  3f 

’1 

a-1  . “ I “ \ 

a y exp(-  x + x ) 

= (19) 

(1  - (l-l)n  ^ (x“  - S^) 

Yj  Y 

Due  to  the  complexity  of  Eq.  (15),  cannot  be  expressed  explicitly  as  a 
function  of  y.  It  is  understood  that  in  Eq.  (19),  all  x^  terms  are  to  be 
considered  as  functions  of  y,  and  the  relation  x^  = x^(y)  is  Implicit 


from  Eq.  (15) . 
residual  strength  is 


The  cumulative  distribution  function  of  the 


'r(„  )<^>  • I 


„ fR(n  )<>’>  ’’y 
^ "^1 


The  distribution  , , (y)  may  be  obtained  numerically  by  considering 

Kin.y,^) 


(x  )dx 

^ K(0),>j  Y Y 

Yl 


1 - exp(-  x“(y)  + x“  ] 
Y Yl 


where  x^(y)  indicates  that  x^  is  a function  of  y. 


For  values  of  x from  x to  «>,  the  corresponding  values  for  y are  calcu- 

lated  from  Eq.  (15),  and  the  values  of  ^ (y)  from  Eq.  (21). 

"^1 

Tlio  mean  of  the  residual  strength  is 


“R(n  ) 
^1 


^R(n 

"l 


(22) 


wiiicli  can  be  expressed  as 


"R(n  ) 
^1 


'x  L>  V Yj  J 


1x1  ^ a-1  [ a a 

exp ' - X + X 


ax 


YiJ 


dx 


(23) 


This  can  be  integrati’d  numerically. 


It  is  interesting  to  note  that  for  tlie  special  case  of  i = 1,  explicit 
expressions  for  the  residual  strengtli  distribution  car.  be  obtained.  For 
1=1,  Eqs . (15''  and  (14)  reduce  to 


a 

y = 


dn  a 

From  Eqs.  (19)  and  (24),  we  have 


a-1 

y 


(24) 


(25) 


^R(n  )^^^  “ ^ exp[-  y“  + s“]  (26) 

’'1 

Tills  is  exactly  the  same  density  function  as  c;  (^) » if  ''’C'  '-'se  y 

for  both  static  and  residual  strength, 


^R(n  )^^^  ” ^R(0),S  ’ 


for  1 = 1 


(27) 


-54- 


r 


Note  that  Eq.  (26)  is  independent  of  n;  the  residual  strength  distribution 
in  this  case  is  always  equal  to  its  static  distribution;  the  mean  of  the  residual 
strength  is  equal  to  the  static  mean  for  all  values  of  n.  As  will  be  explained 
further  later,  for  this  case,  the  process  of  weeding  out  of  weak  specimens  in 
fatigue  just  balances  the  degradation  process  of  each  surviving  specimen. 


Strong  Degradation  and  Weak  Degradation 

Let  us  now  discuss  the  degradation  model  represented  by  Eqs.  (13)  and 
(14).  During  fatigue,  two  processes  are  going  on  simultaneously:  one  is  the 
degradation  of  the  individual  specimen,  the  other  is  the  weeding  out  of  weak 
specimens  by  fatigue  failure. 

For  an  Individual  specimen,  the  residual  strength  always  decreases  accord- 
ing to  Eqs.  (13)  and  (14).  At  a given  fatigue  life,  the  surviving  specimens 
all  have  a lower  strength  than  their  respective  static  strength.  Therefore, 
the  mean  of  the  residual  strength  is  always  smaller  than  the  mean  of  the 
static  strength  of  these  specimens.  Since  y^'Percent  of  the  specimens  have  sur- 
vived at  the  life  n , the  mean  of  the  residual  strength  is  always  smaller  than 


the  mean  of  the  static  top  percent,  or 


^R(n  ) ^ ‘'R(0),y^  • 


(28) 


On  the  other  hand,  the  weeding  out  process  eliminates  the  weak  specimens; 
comparing  with  the  original  population,  the  surviving  specimens  have  a 
larger  mean  static  strength  than  the  mean  static  strength  of  the  total  popu- 
lation, or 


‘^R(0),y  ^ ‘'r(0),S 


(29) 


In  other  words,  the  weeding  out  process  tends  to  increase  the  mean  strength 

of  the  surviving  specimens.  In  practical  application,  we  may  want  to  compare 
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the  wean  of  tlie  residual  strength  with  the  mean  of  static  strengtli  of  tlie 
total  population.  If  ^ is  larger  than  g,  we  may  say  the  average 

residual  strength  has  increased.  If  y , . is  less  than  y„.„.,  the  average 

KfUljb 

residual  strength  has  decreased.  Figure  4 shows  a plot  of  the  various  mean 
strengths  as  a function  of  fatigue  life  n,  for  a particular  set  of  values  of 
a and  a^. 

It  can  be  seen  from  Eq.  (27)  that  for  the  case  of  i = 1,  the  mean  of  the 
residua]  is  equal  to  the  mean  of  static  total  population,  wliich  is  demonstrated 
by  a straight  horizontal  line  in  Fig.  4.  It  can  be  shown  that  for  i > 1 


^R(n  ) - ^'r(O)  ,S’ 
Y 1 


i > 1 


(30) 


We  shall  call  tliis  case  the  weak  degradation. 
For  tlie  case  of  i _<  1, 


^R(n  )-“r(0),S’ 
^1 


i < 1 


(31) 


whic)i  shall  be  called  tlie  strong  degradation.  Both  types  of  degradation 

fiave  been  observed  experimentally  for  composite  materials. 

WTicn  i apnroaches  infinity,  it  can  be  seen  from  Eq.  (13)  that  y x for 

’l 

n < n and  y = S for  n = n ; which  indicates  that  the  residual  strengtli  of  a 
'*l’ 

specimen  is  equal  to  its  static  strength  right  up  to  the  fatigue  failure.  This 
is  exactly  the  definition  of  the  sudden-death  model  discussed  in  [4].  In  Fig.  4 
the  region  above  tlie  sudden  death  line  represents  an  increase  in  residual  strength 
In  each  specimen. 


Analysis  of  Experimental  Sample  Data 

It  is  often  desirable  to  make  simple  calculations  and  draw  conclusions  from 
experimental  data,  without  going  through  rigorous  fitting  of  distribution  functions 
and  estimation  of  parameters.  We  shall  show  In  this  section  that  the  nature  of 
the  degradation  can  be  determined  directly  from  test  data. 
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First  let  us  calculate  the  percent  failure  at  a given  fatigue  life.  If 
no  fatigr.e  tests  are  conducted  after  when  all  surviving  specimens  aie  used 

for  residual  strength  measurement,  the  percent  failed  is  simply  the  number  of 
failed  specimens  divided  by  the  total  number  of  specimens.  For  generality,  we 
shall  discuss  the  case  where  residual  strength  is  measured  at  more  than  one  life, 
and  fatigue  tests  at  life  longer  than  the  residual  strength  life  are  conducted. 
This  is  represented  schematically  in  Fig.  A.  l.et  fj^  be  the  number  of  specimens 
failed  before  n^ , r^  the  number  of  specimens  tested  for  residual  strength  at 
life  n^,  and  f^  and  arc  similarly  defined  as  shown.  The  total  number  of 

specimens  used  for  fatigue  and  residual  strength  tests  is  t,  where 


r : 


t = fi  + f^  + f3  + ri  + r^. 


02) 


The  percent  failed  up  to  is  then 


(1-Yj^)  = percent  failed  before  n^ 

= Vt 


(33) 


Among  those  surviving  n^  cycles,  we  shall  censor  r^^  specimen  randomly,  and 
treat  the  remaining  specimens  as  representative  of  thiO  surviving  population. 
Among  those  that  survived  n^,  the  percent  failed  between  n^^  and  is 
f^/  (fo  + f 3 + r^) . The  corresponding  percent  of  total  population  that  would 
fall  before  is  then 


(I-Y2)  percent  failed  before  112 


I - 


+ 


(3A) 


l.et  be  the  number  of  specimens  used  for  static  strength  measurement, 
and  these  strength  values  arc  arranged  in  increasing  order 
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< Xz  < X3  ...  < X 


where  is  the  srallcst  stronp.th  above  S.  Strength  points  below  S will 


not  be  used.  The  sample  static  mean  is 


X,  + x„  + ...  X, 


1 2 


■K(0),S 


The  top  v^-pcrcciU  of  the  specimen  includes  v specimens  from  the  top,  where 


^ ^ ^1 


Since  is  most  likely  not  an  integer,  can  be  taken  as  tltc  integer 

closest  to  it.  The  top  Yj^-percent  sample  mean  is 


^v(0),Y, 


V 4'V  +•••'!*  X 


Slmi larly , 


^2  = ^'2  ’‘0 


X + X ,,  + ...  X 

"0"^2  "0~^2'-^  "0 


■R(0),y, 


The  sample  mean  of  the  residual  strength  is  simply  the  average  of  the  r^  and 


data  points,  respectively,  or 


Yi  + 72  + >'3  ■*“  “ y, 


'iUn^  ) 

^1 


where 


V < V < V . • . < V 

^1  ^2  ^3 


arc  the  residual  strength  data  points  at  n^ . If 


i 
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^R(n  ) ^ ^R(0),Yt 
'1 


(A2) 


there  is  an  increase  in  residual  strength.  If 


‘'rCO.S  ^R(n  ) ^R(0),Yj^ 


(43) 


it  belongs  to  the  weak,  degradation  type.  If 


^R(n  ) ^ ‘^R(O)  ,S 


(44) 


it  belongs  to  the  strong  degradation  type. 


Comparison  with  Experimental  Data 

Six  sets  of  residual  streiigth  test  data  for  graphite/epoxy  composites 
under  tension  fatigue  loading  will  be  used  for  comparison.  These  data  were 
taken  from  a few  sources,  as  discussed  in  [4].  The  sample  means  and  the 
estimated  Weibull  parameters  of  the  static  strength  and  fatigue  life  of  these 
test  data  are  reprinted  in  Table  1 for  easy  reference. 
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Table  II  list  the  sample  data  of  these  five  sets,  including  the  cycle 
when  residual  strength  is  measured  percent  failed  (l-y^),  sudden-death 

mean  ^ ) static  sample  mean  g)>  and  the  residual  sample  mean 

^"^(n  ).  According  to  Eqs . 42  to  44,  two  of  these  five  cases  belong  to  strong 

^1 

degradation,  two  are  weak  degradation,  and  two  have  increase  in  residual 
strength. 

The  mean  residual  strength  as  calculated  from  Eq.  (23)  has  been  plotted 
in  Figs.  4 and  6-9  for  five  pairs  of  a and  which  were  picked  to  correspond 
with  the  five  sets  of  data.  Here  the  mean  strength  has  been  presented  as  a 
function  of  fatigue  life,  n^  and  the  parameter  i.  Directly  below  the  abscissa 
are  the  percentage  of  specimens  failed  at  selected  values  of  n^.  Curves  calcu- 
lated from  Eq.  (23)  are  given  for  values  of  i leading  to  both  strong  and  weak 
degradation  as  well  as  i = 1.  The.  curve  resulting  from  i = <»  is  also  labeled 
as  the  sudden-death  model.  In  addition  the  Hatin-Yang  degradation  model  is  pre- 
sented in  each  plot.  The  sample  means  of  the  experimental  residiual  strength 
data  are  plotted  at  their  respective  fatigue  lives  as  horizontal  bars. 

Fig.  4 is  plotted  for  a static  strength  shape  parameter  a of  15.3  and  a 
fatigue  life  shape  parameter  of  1.18  corresponding  to  Yang-Liu  data.  The 
moan  residual  strength  is  seen  to  be  in  the  strong  degradation  region.  Tlie 
curve  which  best  approximates  this  sample  mean  point  is  obtained  from  the  present 
approach  with  1 between  0,3  and  0.4. 

The  values  of  a and  used  in  Fig.  6 are  23.9  and  1.31  respectively, 
corresponding  to  the  Kyder-Walker  Inmlnate  I data.  The  experimental  residual 
mean  is  in  the  strong  degradation  region  and  can  be  fitted  by  eltlicr  the  Hahn- 
Yang  degradation  t.iodel  or  Eq.  (23)  witii  i - 0.5, 
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I'lg.  7 is  basoil  ou  u “ 16. H and  « 0..U),  cm  rospoiui  liij;  ti>  t lie  Kyder-'.i'a  1 kt-i 
l.aiuliuUe  11  data.  The  sample  resiilual  mean  tails  In  the  weak  dep.rada  l ion  re>;ien 
oJ  tills  plot.  '1‘lie  present  approach  with  I j^asses  thronjth  this  sample  mean. 

However  the  sudden  death  and  Hahn-Yanp,  curves  are  not  too  far  oil  I'ither. 

Values  ol  a “ 6,7  and  “ l).7‘)  were  used  to  construct  Kip,.  H.  The 
Awi'chnch-Halin  data  gives  two  s.im]’li'  ii-sldual  strcnc.tli  means  and  tlu'se  aii'  plotted 
at  their  respective  fatigue  lives.  I'he  first  is  In  the  (ncreasi-  ol  strength 
region  while  the  other  one  falls  into  the  weak  degradation  regimi.  None  ol  the 
approaches  cons  1 ilo r»'il  so  far  is  cap.ihli'  o!  handling,  an  increase  ot  ri'stdu.il 
strength. 

The  curves  in  I'ig,.  6 are  caleulati'il  wltli  a “ it) . 2 and  “ ll.'l.').  The 
reslilual  streng.th  sample  iiii'an  of  the  W.ing,  ilata  lies  above  the  sudden  death  cuivi 
or  ii\  the  inc.reasi'  ol  streng.th  region.  thice  again  ilie  exist  lug  models  ate  inc..;'- 
able  ot  handling  this  pln-nomenon. 

It  is  interesting  to  note  that  the  Vang-I.in  data  and  Kvdi'r-U'a  I ker  Laminate  1 
data  .‘'.ample  means  are  both  In  the  strong,  degrael.it  ion  region.  both  iit  these 
ari'  lor  graph  Ite/epoxy  spec  linens  with  t)‘'  plies.  The  Kyder-U'a  I ki'f  L.imln.iti’  11 

data  specimens  have  67'Z  tl"  pliett  aiui  the  sample  residn.il  mean  lies  in  the  wi'.ik 
degr.ulation  region.  The  Awerbneh-ll.ihn  ami  Wang  d.ita  sets  .irt-  tor  specimens  ot 
IIH'",  ()"  pi  It'S.  Here  we  observi'  me.m  residual  strengths  in  tlu-  incti'.ise  ol 
strength  region.  These  few  observ.it  ions  tend  to  sng.gest  th.it  the  percent  .i.ge  o! 

0“  plies  h.is  a strong  infliu'nce  in  the  residual  strength. 

Kor  tlu’  two  c.ises  ot  l(lvl%  t1“  plies,  there  is  an  Increase  ol  resldn.il  strengl' 
The  il.ila  is  not  sutticlent  lor  a tirm  conclnslon.  from  Ir.ictnri-  mech.tnics  I'oMU 
of  view,  it  is  possible  lor  a specimen  to  h.ive  .in  iiicre.ise  in  residu.il  stretig.ih, 
during  the  e.irly  stag.e  of  lallgui'  .is  di.'icussed  by  Kellsiiider,  el  a 1 . | .6  ] , 
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Conclusions 

1.  Based  on  the  strength  life  equal  rai^k  assumption,  a particular  degradation 
equation  is  introduced.  This  equation  contains  an  open  parameter  which  can  be 
adjusted  to  fit  various  test  results.  There  is  not  enough  test  data  to  ascertain 
if  the  proposed  equation  is  the  best  suited, 

2.  The  degradation  equation  proposed  here  cannot  accommodate  initial  increase 
In  residual  strength,  which  has  been  observed  in  a few  cases  of  fatigue  of 
composite  materials.  Based  on  the  present  assumption  and  approach,  a more  gen- 
eral equation  can  be  selected  easily. 

3.  There  are  two  basic  processes  acting  during  fatigue,  one  is  the  degradation 
of  individual  specimens  which  tends  to  lower  the  moan  residual  strength.  The 
other  is  the  weeding  out  of  weak  specimens  by  fatigue  failure,  which  tends  to 
increase  the  mean  residual  strength.  If  the  former  process  is  predominant,  the 
residual  mean  is  lower  than  the  static  mean  of  the  total  population,  and  the 
degradation  is  strong.  If  the  latter  is  predominant,  the  residuiil  mean  is 
higher  than  the  static  mean,  and  the  degradation  is  weak. 

4.  For  the  test  data  on  grapl\ito/epoxy  studied  hero,  two  sets  show  increase 


in  residual  strength,  two  show  weak  degradation,  and  two  show  strong  degradation. 
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TABLE  II  Determination  of  the  Type  of  Degradation  from  Sample  Data,  Eqs.  42  to  44. 


16.8,  Life  Shape  Parameter 


0.95 


cn 

o 


CO 

o 


A '(HiONByiS 


oo 

o 


Lr> 

o 


•yVHD/H19M]yiS)  -69- 


CO 

o 


k. 


I 


